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Abstract
The paper considers a computational study of the importance function effect on the accuracy of calculating the effec-
tive fraction of delayed neutrons, βeff, and generation time of instantaneous neutrons using the MCU Monte Carlo code 
based on the example of three criticality experiments from the ICSBEP handbook. In the MCU code, the importance 
function has a piecewise constant form: the computational model is broken down into a finite number of registration 
objects, and the neutron importance is calculated in each. The obtained importance values are used then to calculate 
the kinetic functionals due to which the calculation accuracy for the latter depends on the resolution. Three types of the 
importance function spatial partition (axial, radial, combined) have been studied. The numerical simulation results have 
shown that the axial component of the neutron importance function in all experiments has practically no effect on the 
calculation accuracy for βeff and Λ: the difference between the obtained values is less than 1%. The radial component 
has a notable effect (of up to 15.9%) on the Λ calculation accuracy while having almost no effect on the βeff estimate. 
Using combined partition, as compared with radial partition, improves the calculation accuracy insignificantly (< 1%).
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Introduction
Presently, the Monte Carlo method has been increasingly 
often used for solving transport problems in nuclear reac-
tor design (Sobol 1973). The evolution of parallel comput-
ing technologies has made it possible to consider complex 

3D systems and achieve a high precision level of calcula-
tions (Voevodin and Voevodin 2002; Andrews 2003).

Critical in this respect is to improve the accuracy of 
estimating the neutron kinetics functionals: effective frac-
tion of delayed neutrons, βeff , and prompt neutron gener-
ation time, Λ (Lewins 1960; Kipin 1967; Hetrick 1975). 
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These functionals were calculated earlier in the MCU 
code in the assumption that the importance function is a 
constant in the entire phase volume. For the MCU code 
(Kalugin et al. 2015; Gurevich et al. 2019), the capability 
is currently developed for taking into account the neutron 
importance function in βeff and Λ computations (Hendricks 
et al. 2005; Brun et al. 2015), offered in some other codes 
(TRIPOLI, MCNP (Gurevich et al. 2009; Kalugin et al. 
2011). In this study, the importance function is presented 
as discretely partitioned: the computational model is bro-
ken down into a finite number of registration objects, the 
neutron generation density and its adjoint function being 
computed in each.

This paper looks into the effect of the importance func-
tion resolution on the accuracy of βeff and Λ estimations.

As part of the study, experiments were considered 
involving low-enriched uranium in composite systems 
with a thermal spectrum conducted on light-water critical 
assemblies, ZR-6 (LCT-015) and Stend P (LCT-053 and 
LCT-085) from the ICSBEP Handbook (NEA 2002).

The paper presents a brief description of the algorithms 
and methods offered by the MCU code, a description of com-
putational models, and an analysis of the results obtained.

Calculation procedures

The MCU code calculates Λ and βeff based on the represen-
tation of these as bilinear functionals of neutron importance

Λ = (ψ+, τ(F + B)ψ) / (ψ+, (F + B)ψ), (1)

βeff = (ψ+, Bψ) / (ψ+, (F + B)ψ), (2)

where F is the prompt neutron generation operator, B is 
the delayed neutron generation operator, τ is the neutron 
lifetime, ψ is the neutron generation density, and ψ+ is 
the generation density adjoint function which has the 
meaning of neutron importance (Zolotukhin and Majorov 
1984; Brown et al. 2011). Therefore, estimation of func-
tionals requires computing the neutron generation density 
and its adjoint function.

However, it is difficult to obtain both these functions 
in a continuous form using the Monte Carlo method. The 
computational model is therefore broken down into a fi-
nite number of registration objects, that is, a set of points 
in a phase space in which the required functions are reg-
istered. Thus, a conditionally critical problem can be pre-
sented in a matrix form

keffψ = Tψ, (3)

where ψ is the vector the ith component of which fits the 
neutron generation density in the respective object, and T 
= F + B is the matrix the Tij component of which has the 
meaning of the average number of neutrons which appear 
in object i as a result of the nuclide fission by the neutron 
born in object j (Oleynik 2005; Brown et al. 2013).

The neutron importance function can be obtained by 
solving the equation adjoint with (3)

keffψ+ = TTψ+, (4)

where the transposed matrix TT has the meaning of an 
adjoint operator.

Therefore, the matrix of fissions, T, obtained as a re-
sult of Monte Carlo simulations, is transposed and used 
to solve equation (4). This results in vector ψ+, a neutron 
importance function partitioned by registration objects.

The obtained values are used then to obtain estimates (1) 
and (2) that depend on the importance function resolution.

The evaluation of the new methodology undertaken in 
(Gurevich and Shkarovsky 2012) has shown it to agree 
with the experimental data.

Description of computational 
models

This paper deals with light-water critical facilities, ZR-6 
(LCT-015) and Stend P (LCT-053 and LCT-085) (see the 
ICSBEP Handbook).

The Stend P experimental facility represents a triangu-
lar lattice of fuel rods submerged in a water-filled tank of 
stainless steel. Light water is used as the moderator. The 
facility’s criticality is controlled through the selection of 
the moderator level. The fuel rod spacing in the triangular 
lattice is 1.27 cm. There are bottom and top support grids 
to retain the rods in their required positions. Uranium di-
oxide, UO2, is used as the fuel composition. The fuel en-
richment in the LCT-053 and LCT-085 facility versions 
under consideration is 4.4% and 6.5% respectively.

The Stend P computational model’s vertical and hori-
zontal cross-sections are shown in Figs 1 and 2.

Similarly to the Stend P, the ZR-6 zero-power experi-
mental facility consists of an assembly of fuel rods sub-

Figure 1. Vertical cross-section of the Stend P computational 
model.
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merged in a stainless-steel tank. Light water with a boric 
acid addition (5.8 g/l) is used as the moderator. The trian-
gular fuel lattice spacing is 1.27 cm, and the fuel is UO2 
with an enrichment of 4.4 wt. %.

The ZR-6 computational model’s vertical and horizon-
tal cross-sections are shown in Figs 3 and 4.

As part of the study, different methods were used to par-
tition the fuel columns into registration objects (Mihajlov 
and Rogazinskij 2002; Gurevich and Shkarovsky 2018). 
Axial partition is based on identifying ten layers along the 
fuel column height. There is a unique registration object for 
each fuel column in the radial partition. Combined partition 
represents a combination of radial and axial partitions. The 
symmetry angle for all of the presented models is 30 degrees.

Analysis of calculation results

Let us consider the results of calculating βeff and Λ with 
taking into account and without taking into account the 
importance function with different resolutions of the neu-
tron importance function.

The calculation results from the LCT-085, LCT-053 
and LCT-015 experiments, as well as the value of the esti-
mate correction using the neutron importance are present-
ed in Tables 1 through 3. Figs 5 and 6 present diagrams of 
the normalized radial and axial dependences of the neu-
tron generation density and the importance function for 
all experiments under consideration.

As shown by the results, the following regularities can be 
identified in all experiments: the contribution from the radial 
partition of the importance function is larger than that from 
the axial partition. In particular, when Λ is calculated, taking 
into account the importance function has little effect on the 
βeff computation accuracy. To explain the obtained results, 
one needs to consider the radial and axial dependence dia-
grams for the generation density and the neutron importance.

Table 1. LCT-085 experiment calculation results, case 13

Partition type βeff Λ
Value, 
pcm

Δ, % Value, 
10-5 s

Δ, %

Importance not taken into account 815.6 – 3.1 –
Axial 816.2 -0.1 3.1 0.1
Radial 822.1 -0.8 2.7 15.7
Combined 822.4 -0.9 2.7 15.9

Table 2. LCT-053 experiment calculation results, case 11

Partition type βeff Λ
Value, 
pcm

Δ, % Value, 
10-5 s

Δ, %

Importance not taken into account 804.3 – 3.3 –
Axial 806.6 -0.3 3.3 0.6
Radial 810.4 -0.8 2.9 14.5
Combined 812.7 -1.0 2.8 15.3

Table 3. LCT-015 experiment calculation results, 163/161

Partition type βeff Λ
Value, 
pcm

Δ, % Value, 
10-5 s

Δ, %

Importance not taken into account 778 – 2.72 –
Axial 783 -0.6 2.60 2.0
Radial 783 -0.6 2.46 10.3
Combined 788 -1.2 2.44 11.5

Figure 2. Horizontal cross-section of the Stend P computational 
model.

Figure 3. Vertical cross-section of the ZR-6 computational model.

Figure 4. Horizontal cross-section of the ZR-6 computational 
model.
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All radial distributions show an abrupt jump in the neu-
tron generation density on the assembly periphery which 
is the result of the water-uranium ratio growth on the re-
flector boundary. The neutrons born in the high impor-
tance region can get into the reflector and, after they re-
turn, will be highly likely absorbed in the low importance 
region in the external fuel rod row. To obtain the reliable 
value of Λ, the long lifetime of such neutrons needs to be 
included in the final estimate with a weight (importance 
function) since the secondary neutrons they produce have 
a small importance due to a high probability of leakage. 
The increase in the ratio between the neutron generation 
density on the periphery and in the assembly center leads 
to an increased effect from taking into account the im-
portance (Mihajlov 1987). Therefore, taking into account 
the neutron importance function allows one to adjust the 
prompt neutron generation time estimate up to 16%.

The monotonies of the generation density and neutron 
importance axial distributions coincide in the entire inter-
val due to which taking into account the importance func-
tion does not make a major contribution to the Λ estimate 
adjustment (up to 2%).

As compared with radial partition, combined partition 
leads to a slightly improved accuracy of estimates (≈ 1%) 
as the result of the minor radial partition effect.

Noteworthy, taking into account the importance function 
has little effect on the accuracy of calculating βeff (≈ 1%) as 
the result of rather a soft spectrum of the system. The differ-
ence in the energy of prompt and delayed neutrons levels off 
rapidly due to good moderating properties of the medium.

Conclusions

The paper describes in brief the algorithms offered in 
the MCU code for taking into account the importance 

function when calculating the effective fraction of de-
layed neutrons and the prompt neutron generation time.

The effect of the importance function resolution on the 
accuracy of computing the functionals under consider-
ation was investigated using three partition types (axial, 
radial, combined).

An analysis of the calculation results has shown that 
radial partition contributes decisively to the improved ac-
curacy of estimating the prompt neutron generation time 
(up to 16%) as the result of the neutron generation density 
jump on the assembly periphery. Peripheral neutrons of 
minor importance are born largely by the neutrons that 
have returned from the reflector and have a long lifetime. 
To obtain correct estimates, the lifetime of these needs to 
be included in the final estimate with a weight in the form 
of the importance function at the absorption point.

Since the functions under consideration have similar 
monotonies, axial partition does not contribute greatly to 
the improved accuracy of estimates, due to which com-
bined distribution corrects the estimates, this correction 
being nearly identical to that for radial partition.

Taking into account the importance function has little ef-
fect on the accuracy of calculating the effective fraction of 
delayed neutrons (≈ 1%) βeff in all options due to the good 
moderating properties of the system: the difference in ener-
gy between prompt and delayed neutrons levels off rapidly.

It is therefore required to increase the neutron impor-
tance resolution in the peripheral regions in which the 
neutron spectrum changes abruptly.
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Figure 5. Radial components of neutron generation density and 
neutron importance: a) – generation density in LCT-085; b) – 
importance in LCT-085; c) – generation density in LCT-053; d) 
– importance in LCT-053; e) – generation density in LCT-015; 
f) – importance in LCT-015.

Figure 6. Axial components of neutron generation density and 
neutron importance: a) – generation density in LCT-085; b) – 
importance in LCT-085; c) – generation density in LCT-053; d) 
– importance in LCT-053; e) – generation density in LCT-015; 
f) – importance in LCT-015.

http://computing.nrcki.ru/


Nuclear Energy and Technology 9(3): 171–175 175

References
 � Andrews GR (2003) Fundamentals of Multithreaded, Parallel and 

Distributed Programming. Moscow. Williams Publ., 512 pp. [in 
Russian]

 � Brown FB, Carney SE, Kiedrowski BC, Martin WR (2013) Fission 
Matrix Capability for MCNP, Part I – Theory. Mathematics & 
Computation. Sun Valley, ID, Report LAUR-13-20429, Talk LA-
UR-13-23152. https://doi.org/10.1051/snamc/201403502

 � Brown FB, Kiedrowski BC, Wilson PPH (2011) Adjoint-weighted 
tallies for k-eigenvalue calculations with continuous-energy Monte 
Carlo. Nuclear Science and Engineering 168(3): 226–241. https://
doi.org/10.13182/NSE10-22

 � Brun E, Damian F, Diop CM, Dumonteil E, Hugot FX, Jouanne C, 
Lee YK, Malvagi F, Mazzolo A, Petit O, Trama JC, Visonneau T, 
Zoia A (2015) TRIPOLI-4®, CEA, EDF and AREVA Reference 
Monte Carlo Code. Annals of Nuclear Energy 82: 151–160. https://
doi.org/10.1016/j.anucene.2014.07.053

 � Gurevich MI, Kalugin MA, Oleynik DS, Shkarovsky DA (2019) 
Estimation of some neutron physics characteristics by Monte Carlo 
method using the importance function. Annals of Nuclear Energy 
130: 388–393. https://doi.org/10.1016/j.anucene.2019.02.047

 � Gurevich MI, Oleynik DS, Shkarovsky DA (2009) Adaptation of 
the MCU-PD program to parallel computing on multiprocessor 
computers. VANT. Ser. Fizika Yadernykh Reaktorov 4: 66–77. [in 
Russian]

 � Gurevich MI, Shkarovsky DA (2012) Calculation of Neutron Trans-
fer by the Monte Carlo Method According to the MCU Program. 
Study Guide. NRNU MEPhI Publ., Moscow, 154 pp. [in Russian]

 � Gurevich MI, Shkarovsky DA (2018) Calculation of Neutron 
Transfer by the Monte Carlo Method According to the MCU Pro-
gram in Examples. Study Guide. MIPT Publ., Moscow, 160 pp. 
[in Russian]

 � Hendricks JS, McKinney GW, Waters LS, Roberts TL, Egdorf HW, 
Finch JP, Trellue HR, Pitcher EJ, Mayo DR, Swinhoe MT, Tobin 
SJ, Durkee JW, Gallmeier FX, David J-C, Hamilton WB, Lebenhaft 
J (2005) MCNPX User’s Manual, Version 2.5.0. LA-UR-05-2675.: 

https://mcnp.lanl.gov/pdf_files/TechReport_2005_LANL_LA-
UR-05-2675_HendricksMcKinneyEtAl.pdf

 � Hetrick DL (1975) Dynamics of Nuclear Reactors. Atomizdat Publ., 
Мoscow, 400 pp. [in Russian]

 � Kalugin MA, Oleynik DS, Shkarovsky DA (2015) Overview of the 
MCU Monte Carlo Software Package. Annals of Nuclear Energy 82: 
54–62. https://doi.org/10.1016/j.anucene.2014.08.032

 � Kalugin MA, Oleynik DS, Sukhino-Khomenko EA (2011) Evalu-
ation of the systematic error of Monte Carlo calculations of neu-
tron-physical properties using a multiprocessor computer. Atomic 
Energy 111(2): 79–85. https://doi.org/10.1007/s10512-011-9457-6

 � Kipin JR (1967) Physical Fundamentals of Nuclear Reactor Kinet-
ics. Atomizdat Publ., Мoscow, 431 pp. [in Russian]

 � Lewins JR (1960) The use of the generation time in reactor ki-
netics. Nuclear Science and Engineering 7: 122–126. https://doi.
org/10.13182/NSE60-A29080 

 � Mihajlov GA (1987) Optimization of Monte Carlo Weight Methods. 
Nauka Publ., Moscow, 240 pp. [in Russian]

 � Mihajlov GA, Rogazinskij SV (2002) Monte Carlo weight meth-
ods for approximate solution of the nonlinear Boltzmann equation. 
Sibirsky Matematichesky Zhurnal 43(3): 496–503. https://doi.
org/10.1023/A:1015467719806 [in Russian]

 � NEA [Nuclear Energy Agancy] (2002) International Handbook of 
Evaluated Criticality Safety Benchmark Experiments. NEA/NSC/
DOC(95)03.

 � Oleynik DS (2005) Monte Carlo calculation of weakly coupled 
systems. Atomic Energy 99(4): 694–701. https://doi.org/10.1007/
s10512-006-0002-y

 � Sobol IМ (1973) Numerical Monte Carlo Methods. Nauka Publ., 
Мoscow, 312 pp. [in Russian]

 � Voevodin VV, Voevodin VlV (2002) Parallel Computing. BHV-Pe-
tersburg Publ., St. Petersburg, 608 pp. [in Russian]

 � Zolotukhin VG, Majorov LV (1984) Evaluation of Reactor Critical-
ity Parameters by the Monte Carlo Method. Energoatomizdat Publ., 
Moscow, 120 pp. [in Russian]

https://doi.org/10.1051/snamc/201403502
https://doi.org/10.13182/NSE10-22
https://doi.org/10.13182/NSE10-22
https://doi.org/10.1016/j.anucene.2014.07.053
https://doi.org/10.1016/j.anucene.2014.07.053
https://doi.org/10.1016/j.anucene.2019.02.047
https://mcnp.lanl.gov/pdf_files/TechReport_2005_LANL_LA-UR-05-2675_HendricksMcKinneyEtAl.pdf
https://mcnp.lanl.gov/pdf_files/TechReport_2005_LANL_LA-UR-05-2675_HendricksMcKinneyEtAl.pdf
https://doi.org/10.1016/j.anucene.2014.08.032
https://doi.org/10.1007/s10512-011-9457-6
https://doi.org/10.13182/NSE60-A29080
https://doi.org/10.13182/NSE60-A29080
https://doi.org/10.1023/A:1015467719806
https://doi.org/10.1023/A:1015467719806
https://doi.org/10.1007/s10512-006-0002-y
https://doi.org/10.1007/s10512-006-0002-y

	The effect of the importance function resolution on the accuracy of calculating the functionals of the neutron kinetics in water critical assemblies by Monte Carlo method*
	Abstract
	Introduction
	Calculation procedures
	Description of computational models
	Analysis of calculation results
	Conclusions
	Acknowledgement
	References

