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Abstract
The paper considers the influence of the spatial grid type on the result of solving the equation of neutron transport in 
the nuclear power plant (NPP) shielding.

Neutron fields were calculated in a realistic model of a liquid metal cooled fast neutron tank reactor with an integral 
equipment layout. Structured cubic and unstructured hexahedral grids (PMSNSYS and FRIGATE codes) and unstruc-
tured tetrahedral and prismatic grids (RADUGA T code) are used. Limiting values of the group fluxes averaged over 
the material zones for refined grids have been obtained.

It has been shown that the calculation results depend on the type of approximation for the curvilinear inner boundaries 
between the material zones rather than on the grid cell type (cube, hexahedron, tetrahedron, prism). Using “toothed” 
approximations for curvilinear boundaries leads to an increase in the area of the boundaries, as well as to the neutron 
flux refraction condition arising on them. These effects lead to an upward bias in the transport equation solution, and 
for all energy groups.

Conclusion. When solving an equation of neutron transport in the NPP shielding by a grid technique, it is necessary 
to use grids other than leading to “toothed” approximations of the inner boundaries. Tetrahedral or prismatic grids, or 
grids of arbitrary hexahedrons can be recommended, as well as composite grids in which cubic cells are located inside 
the material zone, and hexahedron cells are located near the zone boundary.
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Introduction
Important in solving the problem of neutron transport in 
the nuclear power plant (NPP) cores and shielding is spa-
tial grid selection. In particular, the grid cell boundaries 
are expected to approximate, as accurately as possible, the 
boundaries of the materials. The earliest software packag-
es proposed that calculations be performed in a Cartesian 
xyz geometry based on parallelepiped cells. To take into 
account the curvilinear boundaries, packages were de-
veloped to allow calculations in curvilinear rzϕ and rθϕ 
geometries. However, curvilinear geometries do not al-
low one to describe at all times in an adequate manner all 
boundaries between the materials. As results, calculations 
have to be run in Cartesian xyz coordinates (Alcouffe 
1990; Azmy 1996). Further, this group of codes evolved 
towards vectored calculations (Dahl 2006; Humbert 2006; 
Corau and Sjoden 2011) and improved grid schemes and 
iterative methods for solving systems of finite-difference 
equations (CNCSN. One, Two- and Three-Dimensional 
Coupled Neutral and Charged Particle Discrete Ordinates 
Parallel Multi-Threaded Code System 2009; Moryakov 
2017; Royston et al. 2018).

Using a grid of parallelepiped cells in xyz geometry 
leads to replacement of curvilinear boundaries as well as 
boundaries that are not parallel to the coordinate axes by 
“toothed” surfaces (we shall refer to a surface composed 
of the grid cell faces as a “toothed” surface if the angle 
between adjoining faces is potentially more than 180о (see 
Fig. 1). It is proposed that calculations are performed us-
ing a very fine grid (with a cell size of ~ 2 cm (Kovalishin 
et al. 2018) when the “toothed” boundary is geometrically 
close to the real one.

Better quality of the grid approximation for the bound-
aries of the materials requires hexahedron cells (PC Soft-
ware. Calculation of Neutronic Characteristics of Nuclear 
Reactors. “PMSNSYS”. 8624607.00622. 2011). The fur-
ther step is to use unstructured grids of tetrahedrons and 
prisms (Vassiliev et al. 2008; Aristova and Astafurov 2017; 
Chen et al. 2017; Kim and Lee 2017; Belousov et al. 2018; 

Hoagland et al. 2021; Nikolaeva et al. 2021), as well as 
grids of arbitrary hexahedrons (Nikolaev 2016). In this 
case, it becomes possible to accurately set all straight-line 
boundaries; curvilinear boundaries are approximated by 
“faceted” surfaces (we shall refer to the surface composed 
of the grid cell faces as a “faceted” surface if the angle be-
tween the adjoining faces does not exceed 180°, see Fig. 1).

Another approach is to use structured grids with paral-
lelepiped cells with defining additional “composite” sub-
stances in the cells where the boundary pass through. The 
interaction cross-sections for each additional substance 
are calculated as a linear combination of the cross-sections 
within the respective cell of materials; the linear combi-
nation coefficients are assumed to be the mass fractions 
of each material in the cell (the so-called Volume Frac-
tion method). A foreign grid generator (Orsi 2006) and a 
similar Russian grid generator (Gurevich et al. 2007) are 
known which offer such approach. Many codes include 
the capability for calculations with additional substanc-
es (Dahl 2006; Humbert 2006; CNCSN.One, Two- and 
Three-Dimensional Coupled Neutral and Charged Par-
ticle Discrete Ordinates Parallel Multi-Threaded Code 
System 2009; Royston et al. 2018). The mass fractions 
of materials are however just approximately equal to the 
required linear combination coefficients. It is therefore 
critical to generate a grid that defines the boundaries of 
materials as accurately as possible.

Models of the nuclear reactor cores and shielding nor-
mally include multiple cylinders. When structured grids 
of parallelepipeds are used, the cylinders are substituted 
for prisms with “toothed” side surfaces. When unstruc-
tured tetrahedral or prismatic grids or grids of arbitrary 
hexahedrons are used, the cylinders are substituted for 
prisms with “faceted” surfaces. By adjusting the position 
of the grid nodes, one can achieve the coincidence of the 
“grid” and the initial cylinder volumes. However, the area 
of the “toothed” and “faceted” prism surface is varied 
and differs from the initial cylinder surface area. Besides, 
when a “toothed” grid boundary is used, such effect takes 
place as the return of the escaping neutron back into the 
cylinder (see Fig. 1). It is essential to assess the effects of 
the grid type on the result of the grid simulation for the 
reactor shielding neutron fields.

Description of the grid model

A model of a lead-bismuth cooled fast neutron tank re-
actor with an integral equipment layout was developed 
for the study. The model comprises the core, the coolant 
(lead-bismuth), internals (coolant, steel), the evaporator 
(coolant, steel, water), and the water shield tank, and the 
whole of the structure is accommodated in a concrete con-
tainer (Fig. 2). The model height is 731 cm, and the model 
radius is 400 cm. Only a fourth part of the region is con-
sidered with defining the reflection condition on surfaces 
x = 0 and y = 0 (see Fig. 2). A stationary source is defined 
in the core.

Figure 1. Directions of the escaping and retuning neutrons for 
two types of grid boundaries where d is the segment length of the 
broken line that approximates the circumference in the cylinder 
cross-section; β is the angle between the broken line segments; 1 
is the direction of the escaping neutron; 2 is the direction of the 
neutron that has escaped, returned and escaped again.
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Each material in the model is matched by one or more 
cylinders or cylindrical layers with axes that are parallel 
to the problem’s z axis (see Fig. 2). The following meth-
ods are used to generate spatial grids.

1.	 A uniform grid with step r is introduced for each 
variable x, y, and z. A regular grid of cube cells with 
the edge length r is produced as the result. We shall 
denote such grid type by C.

2.	 A grid of arbitrary hexahedrons with the upper and 
lower faces that are parallel to plane z = 0 is generat-
ed using the REBEL‑III code (Dedul and Nikolaev 
2014). Some of the grid cells are connected through 
their surfaces without joining at the vertices. The 
hexahedrons take the form of cubes far from the 
boundaries. We shall denote such grid type by H.

3.	 Each circle in plane xy is substituted for a regular 
polygon with the edge length d; as a result, each cyl-
inder is substituted for a faceted prism. The Salome 
code (https://www.salome‑platform.org) is used in 
this region to generate an unstructured tetrahedral 
grid with the mean cell radius r (the cell radius is 
the radius of a ball of the same volume). We shall 
denote such grid by Tf.

4.	 Each circle in plane xy is substituted for a set of 
squares with the side length d; as a result, each cyl-
inder is substituted for a toothed prism. Further, an 
unstructured tetrahedral grid with the mean cell ra-
dius r is generated in the obtained region using the 
Salome code. We shall denote such grid by Ts.

5.	 An unstructured triangular grid with the mean cell 
edge length r is generated in plane xy using the Sa-
lome code. A grid with step r is introduced axially. 
As a result, an unstructured grid of triangular prims 
is produced. We shall denote such grid type by P.

Each grid (Table 1) is characterized by the mean cell 
radius (step) r and the segment length d of the broken 
line that approximates the circumference in the cylinder 
cross-section (Fig. 3). Parameter d is defined a priori for 
grid types Tf and Ts. For grid type P, quantity d is defined 
as the mean length of the grid edges that form the evapo-
rator boundary in plane xy. We assume that d = r for the 
rest of the grid types.

Fig. 3 presents grid approximations for the evaporator 
cross-sections. Grids of types Tf, P and H form “faceted” 
approximations for the sides surfaces of the cylinders. 
Type Ts and С grids form “toothed” approximations. The 
grid nodes are selected such that the volumes of the “grid” 
cylinders are equal to the volumes of the original cylin-
ders. No VolumeFraction method (Orsi 2006; Gurevich et 
al. 2007) is used here to keep the mass balance.

For simulations, we shall use uniform Carlson grid S12 
(Carlson 1976) and ENDF/B‑VI.8 constants (30 groups of 
neutrons, energy interval (10-4 eV, 17 MeV)) (Voronkov 
et al. 2009).

Calculations on cubic grids of type C are run by the 
PMSNSYS code (PC Software. Calculation of Neutron-
ic Characteristics of Nuclear Reactors. «PMSNSYS». 
8624607.00622 2011) by means of the diamond DD0 
scheme with correction of the solution for positivity. 

Table 1. Spatial grids used

Grid type Cell type Type of grid boundary 
approximating cylindrical surface

C Cube Toothed
H Hexahedron Faceted
Tf Tetrahedron Faceted
Ts Tetrahedron Toothed
P Triangular prism Faceted

Figure 2. Model of a fast neutron tank reactor (planes z = 453 and y = 0): 1 – core; 2 – steel; 3 – coolant; 4 – in-tank shielding; 
5 – evaporator; 6 – gas gap; 7 – water shield tank; 8 – concrete; 9 – air; 10 – steel and coolant; 11 – boron carbide; 12 – reflection 
condition; 13 – flux density output region (see Fig. 7).

https://www.salome%E2%80%91platform.org
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The FRIGATE code (Nikolaev 2016) and the DDL scheme 
with the correction of the solution for positivity is used for 
the hexahedral grid calculations. The RADUGA T code 
(Nikolaeva et al. 2021) with the finite element method is 
used for calculations based on unstructured grids of types 
Tf, Ts and P. The PMSNSYS calculations were performed 
on the SuperEVM computer at JSC OKB Gidropress, the 
FRIGATE calculations were performed on a multicore per-
sonal computer, and the RADUGA T calculations were per-
formed on the K60 hybrid supercomputer installed at the 
Shared Supercomputer Center at the Keldysh Institute of 
Applied Mathematics of the Russian Academy of Sciences. 
Densities of the group neutron fluxes are found, and their 
average values in each of the material zones are computed.

Calculation results

Initially, different types of grids with the ever-decreasing 
cell radius r (the step for structured grids) are used for the 
calculations. Grids of types Tf and P are used with the radius 
values 4.7, 3.5, 2.4, 1.7, 1.5, and 1.2 cm. Type C grids are 
used with steps of 2 and 1 cm. Values Ψ obtained in the 
calculations for the evaporator-average (see Fig. 2) neutron 
flux density in group 1 are shown in Fig. 4. The convergence 
of values Ψ at grid refining is achieved with the cell radius 
(step) value being r ≈ 1.5 cm. Value Ψ obtained in grid re-
fining does not depend on the type of the grid scheme used.

For each grid type however, when the cell radius (step) 
r decreases, values Ψ converge to different values (see 
Fig. 4). Limiting values Ψ for type Tf grids depend on the 
segment length d of the broken line that approximates the 
circumference in the cylinder cross-section (see Fig. 3). 
When the segment length d decreases, the limiting values 
obtained on type Tf grids converge to the limiting value 

obtained on type P grids. This value, however, does not 
coincide with the limiting value obtained on type C grids.

Fig. 5 presents limiting values Ψ obtained with differ-
ent grids with the cell (step) radius being r ≈ 1.5 cm. It can 
be seen that the limiting value depends not on the cell type 
but on how the cylindrical boundaries of the materials are 
approximated (by “toothed” or “faceted” surfaces).

Let us find the limiting average values of the flux 
densities 〈Ψ〉 for different material zones in all energy 
groups. We shall perform the calculations on type C grids 
(“toothed” boundaries, r = 2 cm, 12 million cells) and 
type P grids (“faceted” boundaries, r = 1.7 cm, 4 mil-
lion cells). We shall note that cells are much fewer when 
changing structured C grids for unstructured P grids. The 
calculations take quite a long time (for P grids – 76 hours, 

Figure 3. Grid approximations of the evaporator cross-sections: 1 – Tf, d = 25; 2 – Tf, d = 12.5; 3 – Tf, d = 6.25; 4 – P, d = 3; 5 – Ts, 
d = 25; 6 – Ts, d = 12.5; 7 – H, d = 1.6; 8 – C, d = 1.

Figure 4. Average neutron flux densities in group 1 in the evap-
orator obtained in the process of refining grids of different types: 
1 – C grids; 2 – P grids; 3 – Tf grids with d = 6.25 cm; 4 – Tf 
grids with d = 12.5 cm; 5 – Tf grids with d = 25 cm.
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using 672 cores of the K60 supercomputer at the Keldysh 
Applied Mathematics Institute).

Fig. 6 presents ratios of values 〈Ψ〉 obtained on a P 
grid to the values obtained based on a C grid. The ratios 
are presented only for the material zones where they dif-
fer from unity by more than 0.01. It can be seen that the 
influence of the grid type is preserved in all energy groups 
though not across the region. Besides, it can be seen that 
the flux densities obtained based on a grid with “toothed” 
approximations are higher than the densities obtained on 
a grid with “faceted” approximations.

This can be explained with the help of the diagram in 
Fig. 1. If the interaction cross-sections outside the cylin-
der are much smaller than in the cylinder, then the neutron 
that has escaped the cylinder through one boundary tooth 
may return into the cylinder through the neighboring 
tooth. In fact, the “toothed” boundary imposes the flux 
density refraction condition.

Fig. 7 presents the flux densities in group 1 on a part 
of the concrete container’s lower boundary (z = 0); the se-
lected part of the plane is separated from the outer bound-
ary by an air layer (see Fig. 2). The flux density obtained 
with “toothed” approximations of the boundaries is high-
er near the outer boundary than the flux density obtained 
with “faceted” approximations (see Fig. 7). As a result, 
the flux density ratio (see Fig. 6) is less than unity.

The flux density upward bias is not uniform across the 
region. The water shield tank is situated against the con-
crete container and the returning neutrons rapidly reach 
the tank. The evaporator is situated deep within the re-
gion but its upper part is in the air space (see Fig. 2). The 
neutrons that have passed through the concrete container 
enter the same part of the evaporator at once. The up-
per and lower boundaries of the container are parallel to 
plane z = 0. “Excessive” neutrons enter the container only 
through the “toothed” boundary that approximates surface 

r = 400 cm. Therefore, a major upward bias for the flux 
density near boundary r = 400 cm (see Fig. 7) leads to a 
minor upward bias in the container-average value.

On the other hand, the surface with a “toothed” bound-
ary has a larger area than that with a “faceted” bound-
ary. The lower part of the evaporator is situated near the 
source. More neutrons enter the evaporator through the 
“toothed” boundary than through the “faceted” boundary 
(Fig. 8). This is one more factor of the flux density up-
ward bias in calculations with “toothed” approximations 
of the boundaries.

Figure 5. Average flux densities for neutron group 1 in the 
evaporator obtained based on grids with different cell types: 
1 – “toothed” approximations of boundaries (C and Ts grids); 
2 – “faceted” approximations of boundaries (Tf, P and H mesh-
es). Letter symbols for cell types: с – cubes; t – tetrahedrons; 
p – triangular prisms; h – hexahedrons.

Figure 6. Ratio of multi-group neutron flux densities obtained 
based on a grid with “faceted” boundaries to the flux densities 
obtained based on a grid with “toothed” boundaries: 1 – evapo-
rator; 2 – water shield tank; 3 – concrete.

Figure 7. Flux densities in group 1 on the lower boundary (z = 0) 
of the concrete cask (9 – air; 8 – concrete): a. C grid; b. Tf grid 
(logarithmic scale).

Figure 8. Flux densities in group 1 on the lower boundary of the 
evaporator a. C grid; b. Tf grid (logarithmic scale).
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Conclusion

A question has been considered concerning the influence of 
the spatial grid type on the result of solving a multi-group 
equation of neutron transport in the NPP shielding using a 
grid technique. The study was undertaken based on a real-
istic model of a heavy liquid metal cooled fast neutron tank 
reactor with an integral equipment layout. Structured grids 
with cubic cells and unstructured grids with hexahedron, 
tetrahedron and triangular prism cells were used.

The use of cubic cells gives birth to “toothed” approx-
imations of the curvilinear inner boundaries (between the 
materials). On the other hand, “toothed” approximations 
are generated for the boundaries as such, and tetrahedral 
grids are generated then in the obtained region. The gen-
eration of tetrahedral, prismatic and hexahedral grids in 
the initial region leads to “faceted” approximations of the 
curvilinear boundaries. The grid nodes are adjusted such 
that the total volume of the cells that match each material 
is equal to the volume of this material in the initial model.

The values of the group flux densities, average for the ma-
terial zones, are found. The values of the obtained quantities 
turn out to depend not on the grid cell type (cube, tetrahedron, 
prism, hexahedron) but on how this grid’s cell faces approxi-
mate the curvilinear boundaries (“toothed” or “faceted”).

“Faceted” approximations of the boundaries impose 
the refraction conditions on them; these conditions lead 
to the flux density redistribution among the zones. The re-
fraction conditions on the boundary between the concrete 
container and air (in fact, on the region’s outer boundary) 
lead to a part of the neurons that have escaped from the 
region returning to it.

Besides, the areas of the “toothed” boundaries are 
larger than those of the “faceted” boundaries. “Toothed” 
approximations increase the surface for the neutrons that 
have escaped from the core to enter the adjoining zones.

As a result, there is an upward bias observed for the 
flux densities in all energy groups. This upward bias 
is maximum on the periphery (reaching potentially 
10%). And this quantity has been found for the integral 
flux density values (average for the material zones). 
The upward bias for local values is expected to turn 
out greater.

Therefore, when solving a transport equation using a 
grid technique, it is important to use such grids that do 
not lead to “toothed” approximations of the curvilinear 
boundaries. Tetrahedral and prismatic grids can also be 
recommended. Composite grids can be used in which the 
cube cells are inside the material zone, and the hexahe-
dron cells are near the zone boundary (as the type H grid 
used in the study).
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